An algebraic expression for 9-j symbols in the form of a summation of the products of binomial coefficients is obtained. An algorithm is also devised to calculate these binomial coefficients recursively. This avoids the evaluation of factorials of integers, which is the main source of overflow in calculation of coupling coefficients for large angular momenta. Thus, the new formula permits accurate calculation of 9-j symbols. In addition, it has higher symmetry and involves only a twofold summation. Therefore, a direct approach for accurate and efficient calculation of 9-j symbols for very large angular momenta is thereby established.
The study of quantum angular-momentum coupling coefficients is almost as old as quantum theory itself. In 1927, a paper by Wigner was published that first described the significance of Clebsch-Gordan coefficients in relation to the quantum theory of angular momentum and rotation matrices. Since then the computation of angular-momentum coupling coefficients has attracted special attention. [1] [2] [3] [4] [5] Indeed, this is a very important field because many areas based on quantum theory will to some extent call for an exact and efficient calculation of these coupling coefficients.
Angular-momentum coupling coefficients are related to the interaction of different degrees of freedom in a system. They reflect the geometric aspect of this interaction. The 9-j symbols arise when there is a recoupling of four degrees of freedom. For example, they are used in the computation of the matrix elements of products of tensor operators, and used as the transformation from LS coupling scheme to jj coupling. In all these applications, exact and fast calculations of 9-j symbols are interesting and sometimes crucial in the solution of the problems. Several formulas have been developed for these calculations. For example, the 9-j symbols are often calculated according to their expression in terms of 6-j symbols. However, this method relies on the accurate computation of 6-j symbols, and the calculations of 9-j symbols are indirect. Another approach is to use the algebraic expression derived by Alisauskas and Jucys, in which 9-j symbols are written as the threefold summation of multiplications and divisions of factorials of integers. 6, 7 This is a direct method for computing 9-j symbols, but it is known to be inefficient and numerically unstable. 8, 9 Recently, several researchers have tried to find algebraic expressions for angular-momentum coupling coefficients in terms of binomial coefficients. 5, 10, 11 Their primary goals were to increase the accuracy of the calculations and provide a method to tabulate the values of coupling coefficients, including 9-j symbols. This is feasible if appropriate algorithms are chosen because only integer addition, subtraction, and multiplication are involved in the summation step. Algebraic expressions for 3-j and 6-j symbols in terms of summation of products of binomial coefficients have been published in the literature. 5, 10 However, the corresponding formula for 9-j symbols has not been given previously. Lai and Chiu obtained an expression for 9-j symbols that involves only integer summation. 11 However, their approach has dangerous factorial factors in the summation step. In addition, the summation is threefold and the symmetry is low. Overflow and inefficiency are still its problems.
In this article, we report a formula for 9-j symbols that is the summation of products of binomial coefficients,
where
, and a, b, c must satisfy a triangle relation. The limit for the above summation is
where the expressions in large parentheses are binomial coefficients, which are defined formally in Eq. ͑3͒ below. 
The formula in Eq. ͑1͒ is obtained from the expression for 9-j symbols in terms of 6-j symbols. 1, [3] [4] [5] We rewrite one of the three 6-j symbols in the following form:
with similar expressions for the other two 6-j symbols. The common terms in the ⌬ factors, which are related to the first summation index k, will then cancel out. This produces the formula ͑1͒. Although it looks very similar to the expression for 9-j symbols in terms of 6-j symbols, the big difference is that the new formula ͑1͒ involves only integer summation terms. We will discuss this implication later on. It is obvious that the new formula ͑1͒, has higher symmetry compared to the one derived by Lai and Chiu 11 and that it has only a twofold summation. This will improve the efficiency of the calculations.
After determining a formula for calculation of angular-momentum coupling coefficients, we must choose an appropriate algorithm to implement that computation. Among all the calculation methods available so far, [8] [9] [10] 12, 13 no matter whether exact or approximate, it is generally believed that the evaluation of factorials of integers is an inevitable step. Even in the work of Lai and Chiu, 10 where 3-j and 6-j symbols have been expressed in terms of binomial coefficients, they still calculate the binomial coefficients according to their definition,
where the evaluation of three factorials is required. As we know, however, the factorial of even a two-digit decimal integer is often a huge number, which is the main source of overflow when the coupling coefficients for large angular momenta are calculated. For this reason, how to calculate factorials accurately was the focus of previous work. 2, 9, 10, 12 However, complications still exist. For example, it is not easy to determine the dimension of arrays for holding the factorials. Logarithms of factorials are adopted in calculations, which is an approximation. In addition, not all the factorials are needed, which leads to the waste of memory and therefore inefficiency of the calculations. One of the most important advantages of rewriting the coupling coefficients as a summation of products of binomial coefficients, and one that has not been appreciated, is that we do not have to calculate any factorials of integers at all. By using the following recursive relation for binomial coefficients,
we can avoid the calculation of factorials of integers. By utilizing this formula, not only can we keep at each step of a calculation an integer but we also can maintain the maximum number in the computation of a binomial that binomial itself. Since the binomial coefficient is usually much smaller than the factorial in the numerator, as shown in Eq. ͑3͒, this algorithm can therefore minimize overflow problems. Furthermore, because the recursive relation ͑4͒ is obtained from the definition ͑3͒ by canceling some common factors occurring in both the numerator and denominator, this algorithm will reduce a large number of redundant operations and thus greatly increase the efficiency of calculations.
Starting from the formula in Eq. ͑1͒ and exploiting the recursive relation ͑4͒ for binomial coefficients, we have written a simple program for computing the decimal values of 9-j symbols with double precision in a DEC 3000/400 Alphastation running Unix. Some of the results are listed in Table I . We have tested the program by comparing with much available data. 5, 8, 9, 11, 13 The results are very accurate even for large angular momenta. We also checked the accuracy by examining the orthogonality relation that the 9-j symbols satisfy. In the program, we take into consideration the situation when one of the arguments of 9-j symbols is equal to zero. In this case, they reduce to 6-j symbols. We record the average CPU time by calculating the intrinsic function secnds() in that machine. The time is less than 0.1 s even for very large angular momenta up to 100.
The decimal values of 9-j symbols shown in the table are accurate but still approximate in the sense that we do all calculations in decimal representation, and computers have their own limitations with finite size of memory. Even though we have calculated accurate 9-j symbols for large angular momenta, an overflow problem will still occur when 9-j symbols for all angular momenta that are very large are calculated.
Exact values of angular-momentum coupling coefficients are sometimes needed. In addition, the tabulation of 9-j symbols for any angular momentum is meaningful from the academic and pedagogical points of view. To achieve this goal, the only solution at present is to decompose any integer into the product of prime numbers and do all the algebraic calculations in the prime-number representation. This is the way adopted by most researchers. 5, [10] [11] [12] However, the coupling coefficients including 9-j symbols can be tabulated only for small angular momenta within this scheme, and there are still some problems using the primenumber representation.
First, the dimension of arrays for holding the prime numbers will increase dramatically when the angular momenta are large. It will take a long time to calculate the coupling coefficients for large angular momenta, which limits the usefulness of this scheme. It is a practical method only when coupling coefficients for small angular momenta are calculated. In the work of Lai and Chiu, 10,11 they switch to the decimal representation to calculate the recoupling coefficients when angular momenta reach 10 for 9-j symbols and 20 for 6-j symbols. Second, algebraic multiplication and division are straightforward in the prime-number representation, but are not so simple when addition and subtraction are performed. This is especially true when the terms in the summation are not integers, when complications often occur. 12 For example, the algebraic summation of two fractions involves a series of operations such as finding common factors, and overflow often happens, which cannot be readily controlled. From this aspect, we can see one more advantage of reformulating angularmomentum coupling coefficients as the summation of products of binomial coefficients. Here, if prime-number representation is adopted in calculations, we do not involve any such operations at all.
Considering that there exist such deficiencies in the prime-number representation, we are in the process of devising an algorithm that can be used to calculate the exact coupling coefficients for any angular momenta. This becomes possible just because of our success in deriving the expression ͑1͒ for 9-j symbols. One more important advantage of our approach is that the method by which we derive expression ͑1͒ for 9-j symbols is very general and is also applicable to 12-j and 15-j symbols. It seems that all the angular-momentum coupling coefficients can be rewritten in a form that is the product of two factors. One is a prefactor that is the square root of integer products and quotients. The other is the summation of product of binomial coefficients. If we succeed in finding the algorithm for exact calculation of summation terms for any large angular momenta, then, according to above analysis, we will establish a unified approach for direct and exact calculation of coupling coefficients for any angular momenta.
To summarize, we have reformulated the algebraic expression for 9-j symbols as a summation of the products of binomial coefficients. We have also devised an algorithm to calculate these binomial coefficients recursively. This avoids the evaluation of factorials of integers, which is the main source of overflow in calculations of coupling coefficients for large angular momenta. Thus, the new formula permits accurate and exact calculation of 9-j symbols. In addition, the formula has higher symmetry and involves only twofold summation. Moreover, the recursive relation ͑4͒ for binomial coefficients can dramatically increase the efficiency of the calculations. We have therefore established a direct and practical approach for fast and accurate calculations of 9-j symbols for very large angular momenta.
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